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The first step of quantum measurement procedure is known as premeasurement, during when
correlation between measuring system and measurement apparatus is established. One compelling
non-classical correlation is entanglement, a useful resource for various quantum information theo-
retic protocols. Quantifying the amount of entanglement in the premeasurement state, therefore,
seeks importance from practical ground and this is the central issue of the present paper. Inter-
estingly, for a two-label quantum system we obtain that the amount of entanglement, measured
in term of negativity, generated in premeasurement process is actually quantified by two factors:
skew information between system’s initial state and the measurement direction, which quantifies
the amount of information on the values of observables not commuting with the conserved quantity
of the system, and mixedness parameter of the system’s initial state.
I. INTRODUCTION
Entanglement is one of the most interesting properties
of quantum system involving more than one subsystems
[1–3]. This holistic property, which involves non classi-
cal correlations among subsystems, is useful resource for
many quantum processes including canonical ones: quan-
tum cryptography [4], quantum teleportation [5], and
dense coding [6]. It is also a necessary constituent for
establishing the nonlocal behavior of quantum theory [7]
and hence finds applications in various device indepen-
dent and measurement device independent information
theoretic protocols [8]. Thus entanglement generation is
important for several practical purposes.
One way to generate entanglement is the premeasure-
ment procedure. Quantum measurement process is an
interesting area of study for a long time [9, 10]. The
first step of quantum measurement procedure is premea-
surement which establishes correlation between measur-
ing system and measurement apparatus [11]. So, when-
ever some measurement is performed on a quantum sys-
tem, there is a possibility that entanglement is gener-
ated between the system and the measurement device
and entanglement generation in such a way attracted in-
terest previously [11, 12]. On the other hand, in the
recent past lot of efforts have been observed in study-
ing different types of non classical correlations [13] and
hence the quantum measurement process has drawn re-
newed attention in creating such correlations [14, 15]. In
Ref.[14] the authors have shown that a von Neumann
measurement on a part of a composite quantum system
unavoidably creates distillable entanglement between the
measurement apparatus and the system if the state has
nonzero quantum discord. In a more recent article [16],
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instead of a composite system, the authors have consid-
ered a single system and they have addressed the scenario
when complementary sequential measurements have been
performed on the system to generate entanglement. They
have obtained a lower bound of the entanglement created
by the unitary interaction (premeasurement) between the
system and the measurement apparatus used to measure
the complementary observables sequentially. Interest-
ingly, this lower bound resembles a well-known entropic
uncertainty relations [17].
In this work, like as [16], we have concentrated on a
single system. We give our effort in finding the amount
of entanglement created between the system and the ap-
paratus by application of a single premeasurement in-
teraction. The system may be initially prepared in any
state, either pure or mixed. We try to find whether for
any measurement performed on the system, prepared in
an arbitrary state, there produces entanglement? And if
the entanglement is produced, how much is the amount?
For the simplest case i.e. a two-label quantum system (in
other word qubit system), we show that the amount of
entanglement, measured in terms of negativity [18, 19],
is quantified by two factors: (i) the mixedness of the ini-
tially prepared state of the system [28], (ii) the Wigner-
Yanase skew information between the system state and
the measurement direction [21]. We observe the following
two extreme cases: (a) if the system is initially prepared
in completely mixed density matrix, then no entangle-
ment is created between the system and the measurement
apparatus, whatever the measurement is performed; (b)
on the other hand, if the system is in a eigenstate of
some observable (say σz) then maximal entanglement is
created if the measurement interaction for the comple-
mentary observables (in this case any operator lying in
x− y plane) is switched on.
The organization of the paper is as follows. In Section-
(II) we briefly describe a measurement setup. Section-
(III) contains a brief overview on Wigner-Yanase skew in-
formation and discussion about the mixedness of a quan-
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2tum state. We present our result in Section-(IV).
II. THE MEASUREMENT SETUP
Consider a quantum system S on which some mea-
surement will be performed. Before this measurement
the system is either in some pure state |ψ〉inS ∈ HS or
more generally in some mixed state ρinS ∈ D(HS), where
|ψ〉inS is a ray vector of the Hilbert space HS associated
with the system and D(HS) is the collection of density
matrix (positive and trace one) acting on HS . Suppose a
projective measurement (PVM) X = {Xk}, with k out-
comes, has to be performed, where each of the Xk are
projectors (not necessarily rank one) sum up to identity
operator acting on HS , i.e.
∑
kXk = 1HS . To measure
any such observable X on S one need another system
called measurement device or apparatus system denoted
as MX . The pointer of the apparatus must indicates
different positions (or different digits) depending on the
different values k of the measurement X. More precisely,
the pointer states corresponding to different outcomes
must be orthogonal so that they can be perfectly distin-
guished.
FIG. 1. (Color on-line) Schematic diagram describing the pre-
measurement procedure. Initially system and measurement
apparatus are uncorrelated. Later an interaction is switched
on to correlate them.
The first step of a measurement process is called ‘pre-
measurement’ where a correlation is established between
the system and the measurement apparatus (see Fig.1).
Consider an orthonormal basis {|k〉MX} for the apparatus
system MX . The interaction is made in such a way that
the operator system jumps to the state |k〉MX whenever
the projector Xk clicks. The required interaction can be
written as
|0〉MX |ψ〉inS −→
∑
k
|k〉MX (Xk|ψ〉in)S = VX |ψ〉inS . (1)
The above interaction is essentially a controlled-shift op-
eration, and the notation is simplified by defining the
isometry
VX := |k〉MX ⊗ (Xk)S .
In Eq.(1) |0〉MX denote the initial state of the measure-
ment apparatus and we have consider the apparatus in
a pure state. In Ref.[12] the author consider the sce-
nario where the initial state of the apparatus may be a
mixed state. However, initially the system may be in a
mixed state ρinS . In that case the final state (also called
the ‘premeasurement state’ [11]) of the composite system
(system + apparatus) after the premeasurement is given
by
ρSMX = VXρ
in
S V
†
X (2)
Hamiltonian formulation of measurement
We have already discussed that the dynamics of any
quantum measurement procedure is describe by an inter-
action process between the system and the measurement
procedure. If some PVM X = {Xk} is to be performed
on the system then in the dynamical process of the mea-
surement (i.e. the premeasurement process) the value of
X on the system state at some initial time transfer to an
observable of the apparatus after the interaction. Thus
the system and the apparatus become correlated. Denot-
ing HS and HM as the system and measurement appara-
tus Hamiltonian respectively, the total hamiltonian can
be expressed as:
Htot = HS ⊗ 1M + 1S ⊗HM +Hint, (3)
where Hint represents the interaction Hamiltonian. De-
note at some initial time (t = 0) the composite state of
the system and apparatus as ρSM(0) = ρ
in
S ⊗ |0〉M 〈0|.
After the interaction, at time t = τ the evolved state is
ρSM (τ) = U(τ)ρSM (0)U
∗(τ), (4)
where, U(τ) := exp(−i
Htotτ
~ ). From the above expression
it is clear that the composite system will preserve the
product form in absence of Hint.
Starting with arbitrary initial state of the system, in
this work, our aim is to calculate the amount of entan-
glement between the system and the measurement appa-
ratus in the premeasurement state for arbitrary measure-
ment performed on the system. For two-label system we
obtain an analytic expression. But before presenting our
we discuss some prerequisites in the following section.
III. SKEW INFORMATION AND MIXEDNESS
Skew information: Quantum mechanics fundamen-
tally differs, in many ways, from classical physics. One
of the intrinsic feature of QM is Heisenberg’s uncertainty
principle, which says that outcomes of two noncommut-
ing observables cannot be jointly predicted with arbi-
trary precision [20]. Remarkably, even a single quantum
observable may display an intrinsic uncertainty as a re-
sult of the probabilistic character of quantum mechanics.
There are several ways to quantify the uncertainty on
single measurement. One such quantity is skew informa-
tion, introduced by Wigner and Yanase in long back 1963
[21]. It finds application in the study of uncertainty [22],
3information geometry [23] and non classical correlations
[24, 25].
If an observable X is measured on the system state ρ,
the skew information is given by
I(ρ,X) = −1
2
Tr[
√
ρ,X]2. (5)
TheWigner-Yanase skew information can be rewritten as
I(ρ,X) = Tr(ρX2)− Tr(√ρX√ρX)
Following are the main properties [21, 24, 26] of skew
information:
(I) The skew information is nonnegative and reduces
to the variance if the state is pure.
(II) Skew information is convex in ρ in the sense that
I(
∑
λjρj , X) ≤
∑
j
λjI(ρj , X),
where, ρj ’s are quantum state and λj ≥
0 &
∑
j λj = 1.
(III) For any bipartite density matrix ρab acting on ten-
sor product Hilbert space Ha ⊗Hb it holds that
I(ρab, Xa ⊗ 1b) ≥ I(ρa, Xa),
where, ρa = Trb(ρab) and 1b is the identity operator
acting on Hb.
It has been also pointed out that skew information is the
quantum version of well known Fisher information and
plays important role in quantum estimation [25].
Mixedness of density matrix: Not all quantum
states are pure. There are also mixed quantum states
represented by density matrices ρ acting on the Hilbert
space associated with the system. For the mixed state
one has Trρ = 1 but Trρ2 < 1. On the other hand pure
states satisfy Trρ = Trρ2 = 1 and they are isomorphic to
the ray vectors of the associated Hilbert spaces [27]. The
amount of mixedness of a density matrix ρ is quantified
as [28]:
M(ρ) = Trρ− Trρ2. (6)
From the above expression it is clear that mixedness is
zero for pure states and maximum for the state 1d1d,
where 1d is the identity operator acting on d-dimensional
Hilbert space Hd. The state 1d1d is called completely
mixed state.
IV. ENTANGLEMENT GENERATION: QUBIT
SCENARIO
Consider any two-label quantum system generally
called qubit. The Hilbert space associated with such sys-
tem is the two dimensional complex vector space C2. The
states are trace one, positive operators acting on C2 and
can be represented as 12 (12+~n.~σ), where ~n ≡ (nx, ny, nz)
is a vector in R3 with |~n|2 ≤ 1 and ~σ := (σx, σy, σz) with
σi|i = x, y, z being Pauli matrices. The collection of all
possible states for a quantum system form a convex set.
For the two-label system this convex set is isomorphic to
Bloch sphere with pure states lying on the surface of the
sphere and mixed states inside.
Measurements on a qubit is represented by nˆ.~σ with
eigenstates 12 (12 + nˆ.~σ) and
1
2 (12 − nˆ.~σ).
FIG. 2. (Color on-line) Bloch sphere representation for a
two-label quantum system. The brown dot denote the ini-
tial mixed state ρinS of the system. Measurement in {|0〉, |1〉}
basis along ‘Z’ direction is performed on the system.
Without any loss of generality, consider the system
is initially in the state ρinS =
1
2 (1 + ~n.~σ) and also con-
sider that σz measurement i.e. measurement in the basis
{|0〉, |1〉} is performed on the system (see Fig.2). The
unitary interaction corresponding to this measurement is
given by following C-NOT operation [27]:
U(|0〉S ⊗ |0〉M ) = |0〉S ⊗ |0〉M
U(|1〉S ⊗ |0〉M ) = |1〉S ⊗ |1〉M . (7)
Here |0〉M denotes the initial state of the apparatus.
We have already discussed that the intrinsic quan-
tum uncertainty for the measurement σz on the state
ρins =
1
2 (12 + ~n.~σ) is quantified by the skew informa-
tion I(ρinS , σz), which we have calculated in the following.
The spectral decomposition for the state ρins reads:
ρinS =
1
2
(1+ |~n|nˆ.~σ)
=
1 + |~n|
2
1
2
(1+ nˆ.~σ) +
1− |~n|
2
1
2
(1− nˆ.~σ). (8)
Using the above spectral decomposition we can write
√
ρinS =
√
1 + |~n|
2
1
2
(1+ nˆ.~σ) +
√
1− |~n|
2
1
2
(1− nˆ.~σ).
4FIG. 3. (Color on-line) Variation of the Skew information in
terms of the angle between state and measurement and the
length of the state vector, as shown in Eq.(9).
Thus we have:[√
ρinS , σz
]
=
(√
1 + |~n|
2
−
√
1− |~n|
2
)
1
2
[nˆ.~σ, σz]
=
(√
1 + |~n|
2
−
√
1− |~n|
2
)
i(nyσx − nxσy).
The above equation further gives:[√
ρinS , σz
]2
= −(1−
√
1− |~n|2)((n2x + n2y)12
−nxny{σx, σy}),
where, curly bracket denotes anti-commutator of two op-
erators. Using the above expression we finally get
I(ρinS , σz) = −
1
2
Tr
[√
ρinS , σz
]2
= (1−
√
1− |~n|2)(n2x + n2y). (9)
Expressing the Bloch vector ~n in spherical coordinate as
~n ≡ (n sin θ cosφ, n sin θ sinφ, n cos θ), where n = |~n| is
the length of the vector and θ and φ denote the polar
and azimuthal angle respectively (see Fig.2), the Eq.(9)
can be rewritten as:
I(ρinS , σz) = (1−
√
1− n2) sin2 θ. (10)
From the above expression it can be conclude that for
a two-label quantum system the skew information of a
measurement on some state (either pure or mixed) de-
pends on the angle between the measurement direction
and the direction of the Bloch vector corresponding the
quantum state and also depends on the mixedness of the
density matrix (see Fig.3).
Let us now quantify the mixedness of the qubit state
ρinS =
1
2 (12 + ~n.~σ). We have
Tr(ρinS )
2 =
1
4
Tr(12 + 2~n.~σ + (~n.~σ)(~n.~σ))
=
1
2
(1 + |~n|2). (11)
Feeding the expression of Eq.(11) in the definition of
Eq.(6), the mixedness for a qubit state reads:
M(ρinS ) = Tr(ρinS )− Tr(ρinS )2
=
1
2
(1− |~n|2). (12)
According to Eq.(2) after the measurement interaction
as stated in Eq.(7) the premeasurement state looks:
ρSM = U
(
1
2
(1+ ~n.~σ)s ⊗ |0〉M 〈0|
)
U†
=
1 + nz
2
|0〉S〈0| ⊗ |0〉M 〈0|
+
nx + iny
2
|1〉S〈0| ⊗ |1〉M 〈0|
+
nx − iny
2
|0〉S〈1| ⊗ |0〉M 〈1|
+
1− nz
2
|1〉S〈1| ⊗ |1〉M 〈1|. (13)
We are interested in the amount of entanglement between
qubit system and the measurement apparatus in the state
ρSM . There are many different measures to calculate the
amount of entanglement in a state [19]. For our purpose
we take one such well known measure called negativity
[18, 19] which is given by:
N (ρAB) = ||ρ
TA
AB ||1 − 1
2
=
∑
λi<0
λi, (14)
where TA denotes partial transpose with respect to the
subsystem A, λi’s denote the eigenvalues of ρ
TA
AB and
||X||1 = Tr|X| = Tr
√
X†X be the trace-norm of an op-
erator. For the state in Eq.(13) calculating negativity in
a straightforward manner and using the expressions from
Eq.(9) and Eq.(12) we obtain:
N (ρSM ) =
(
1−
√
2M(ρinS )
)− 12 (I(ρins , σz)) 12
2
; |~n| 6= 0
= 0; otherwise. (15)
From this expression it is clear that the amount of en-
tanglement in the premeasurement state is zero for any
measurement whenever the system is initially prepared in
completely mixed state (i.e |~n| = 0). On the other hand
if the system is initially prepared in some pure state lying
in the x−y plane (i.e. ρinxy = 12 (12+nˆxy.~σ)) and the inter-
action for σz measurement is switched on, then the pre-
measurement state turns out to a maximally entangled
state and hence we achieved maximum entanglement.
V. DISCUSSIONS
Implementation of quantum measurement procedure,
in laboratory, is a challenging task [29]. Realizing the
C-NOT operation deserve more attention as it has been
shown that any two qubit operation can be decomposed
5into controlled-NOT gates between two qubits and rota-
tions on a single qubit [30]. Till date different physical
systems, like cold trapped ions [31], cavity QED [30], su-
perconducting quantum bits [32], have been considered
for practical implementation of C-NOT operation. In
this work we have quantified the amount of entangle-
ment generated between the a two label quantum system
(qubit) and the measurement apparatus when C-NOT
interaction has been switched on.
Instead of a qubit if we consider a bipartite state shared
between two parties and partial von-Neumann measure-
ment is performed on a single qubit, then also it can be
shown that non-zero skew information ensures entangle-
ment generation across the bipartition C vs AB, where
C is the ancillary measurement probe. Girolami et.al
have shown that for any bipartite state ρAB which has
non zero discord, the skew information for such state will
also be non-zero [25]. On the other hand Streltsov et.al
have shown that if any bipartite state has non-zero dis-
cord and partial von-Neumann measurement is done on
a subsystem then entanglement will be generated across
C vs AB cut with C being the ancillary measurement
probe [14]. From these two results it can be said that
non zero skew information ensures entanglement gener-
ation between measurement ancillary and the bipartite
quantum system.
On the other hand, in quantum thermodynamics, work
extraction problem has got a lot of attention in the recent
days and it has been shown [33] that optimal work can
be extracted from correlations present between n sub-
systems of a multipartite quantum system. The authors
have shown that for low n and locally thermal subsys-
tems, application of appropriate unitary generates a fi-
nal entangled state from which maximal work can be ex-
tracted. So in work extraction problem our analysis can
provide better insight as how to create a final state hav-
ing maximum amount of entanglement when number of
subsystem is low.
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